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Carrot crop management

Carrot/sprinkler problem (client/server)

Given n carrot locations, where to place m 
sprinklers, and with what radius, so that 
every carrot is watered?

Minimize the cost (sum of radii of sprinklers)

In general: covering cost = ! i ri
" .



Variant 1 (discrete):  sprinklers must be 
placed among discrete locations
(a) on a given line
(b) anywhere in the plane
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Variant 1 (discrete):  sprinklers must be 
placed among discrete locations
Variant 2 (1-dimensional): sprinklers are on a 
continuum but restricted to 1-dimensional set
(a) horizontal line (given, or can be chosen)
(b) arbitrary orientation line
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Variant 1 (discrete):  sprinklers must be 
placed among discrete locations
Variant 2 (1-dimensional): sprinklers are on a 
continuum but restricted to 1-dimensional set
Variant 3 (min-cost covering tour): minimize a 
combination of covering and touring cost



Discrete problem on a line with linear cost:
[LTP05] O((n+m)3) dyn. prog. algorithm
[LTP05] 4-approximation in linear time
[this paper] 2-approximation in O(n log n) time
3-approximation in linear time

Discrete problem in the plane with linear cost:
[LTP05] PTAS, no O(1)-approximation

Discrete problem in the plane with superlinear cost:
[BCKK05] NP-hard (" ≥2) and PTAS for any " ≥1

(cont.)

Our results





Continuous problem on a fixed given line:
O(n2log n) dyn. prog. algorithm for linear cost
O(n4log n) for superlinear cost (any Lp)
O(n3log n) for superlinear cost (L∞)
O(n) time 3-approximation for any cost (L∞)
O(n log n) time 2-approximation for linear cost (L∞)

(cont.)

Our results (cont.)

[Reid05] ``process carrots are often grown
on ridges or on beds with several single

rows, whereas table carrots may be grown
on beds with several double rows...’’



Constant approximations:
Closest center heuristics: [LTP05]
+ growth: prefer to grow existing circle 
rather than connect to closest center if 
leads to smaller costs
Greedy heuristic with growth: order the 
clients, pick greedy choice and grow 
circles if cheaper than making a new 



Dynamic programming algorithms:

Ideas of the proofs?

MINSUMOFRADIUSCIRCLECOVER(Y) :
for every pinned circleC

find the leftmost and rightmost points enclosed byC
Cost[0] ! 0

for i ! 1 to n
Cost[i] ! !
for each pinned circleC owned by pi

if no points in P lie directly aboveC
pj ! leftmost point enclosed byC
Cost[i] ! min{Cost[i], Cost[ j " 1]+ radius(C))}

returnCost[n]

Figure 2. The dynamic programming algorithm for linear cost function.

4 Scenario 1(b): Server Locations Restricted to a Line

4.1 Servers along a fixed horizontal line—exact solution

Suppose that the servers are required to lie on a fixed horizontal line, which we take without loss of generality

to be the x-axis, but otherwise can be placed freely. In this section, we describe dynamic programming
algorithms to compute a set of server points of minimum total cost. For notational convenience, we assume

that the clients Y are indexed in left-to-right order. Without loss of generality, we also assume that all the

clients lie on or above the x-axis, and that no two clients have the same x-coordinate. (If a client pi lies

directly above another client pj , then any circle enclosing pi also encloses pj , so we can remove pj from Y
without changing the optimal cover.)

Let us call a circleC pinned if it is the leftmost smallest axis-centered circle enclosing some fixed subset
of clients. Equivalently, a circle is pinned if it is the leftmost smallest circle passing through a chosen client

or a chosen pair of clients. Under any Lp metric, there are at most O(n2) pinned circles. As long as the cost
function f is non-decreasing, there is a minimum-cost cover consisting entirely of pinned circles.

4.1.1 Linear Cost

If the cost function f is linear (or sublinear), we easily observe that the circles in any optimum solution must
have disjoint interiors. (If two axis-centered circles of radius ri and r j intersect, they lie in a larger axis-

centered circle of radius at most ri + r j .) In this case, we can give a straightforward dynamic programming

algorithm that computes the optimum solution under any Lp metric.

The algorithm given in Figure 2 finds the minimum-cost cover by disjoint pinned circles, where distance

is measured using any Lp metric. We call the rightmost point enclosed by any pinned circle C the owner
ofC.

If we use brute force to compute the extreme points enclosed by each pinned circle and to test whether

any points lie directly above a pinned circle, this algorithm runs in O(n3) time. With some more work,
however, we can improve the running time by nearly a linear factor.

This improvement is easiest in the L! metric, in which circles are axis-aligned squares. Each point pi is

the owner of exactly i pinned squares: the unique axis-centered square with pi in the upper right corner, and

for each point pj to the left of pi , the leftmost smallest axis-centered square with pi and pj on its boundary.
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More dynamic programming:
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Figure 3. (a) The apex of each circle in the optimal cover lies outside the other circles. (b) The points YC lie in the shaded region.

(c) If A andC are adjacent circles in the optimal covering, the shaded region B(A,C) is empty.

condition is equivalent to there being no clients inside the region B(A,C) bounded by the x-axis, the circles
A andC, and vertical lines through the apexes of A andC; see Figure 3(c).

Our dynamic programming algorithm considers thepinned circlesC1,C2, . . . ,Cp in left to right order by
their centers; that is, the center of Ci is left of the center of Cj whenever i < j. To simplify notation, let
Yi = YCi . For convenience, weadd two fakepinned circlesC0 andCp+ 1 of radiuszero, centered far to the left
and right of Y , respectively, so that Y0 = ! andYp+ 1 = Y .

MINSUPERLINEARCOSTCIRCLECOVER(Y, f ) :
sort the pinned circles from left to right by their centers
Cost[0] ← 0
for j← 1 to p+ 1

Cost[ j] ← !
for i← 1 to j−1

if Ci andCj excludeeach otherÕsapexesand B(Ci,Cj) isempty
Cost[ j] ← min{Cost[ j],Cost[i] + f (radius(Ci)))}

returnCost[p+ 1]

Figure 4. The dynamic programming algorithm for a superlinear cost function.

Implementing everything using brute force, we obtain a running time of O(n5). However, we can im-
prove the running time to O(n4 logn) using the two-level data structure described in the previous section,
together with apriority search tree. The region B(Ci,Cj) can bepartitioned into two or three three-sided re-
gions, each bounded by two vertical linesand either acircular arc or thex-axis. Wecan test each three-sided
region for emptiness inO(logn) time.

Theorem 6 Let f : R+ → R be a fixed non-decreasing cost function. Given n clients in the plane, we can

compute in O(n4 logn) time a covering by circles (in any fixed Lp metric) centered on the x-axis, such that
the sum of the costs of the circles is minimized.

Thealgorithm isessentially unchanged in theL! metric, except now wedeÞneapex of asquare to be its
upper right corner. It is easy to show that there is an optimal square cover in which no square contains the
apex of any other square. Equivalently, we can assume without loss of generality that if two squares in the
optimal cover overlap, the larger square is on the left. To compute the optimal cover, it sufÞces to consider
subsets YC of points either directly above or to the right of each pinned squareC. For any two squares A
and C, the region B(A,C) is now either a three-sided rectangle or the union of two three-sided rectangles,
so we can use a simple priority search tree instead of our two-level data structure to test whether B(A,C) is
empty inO(logn) time.
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Figure 5. Squares of the SQUARE-GREEDY algorithm inside a square of the optimal solution.

total horizontal length of these protruding parts of squares, then r ! s, the side length of S, since the side

length of each protruding square is at most s and at most half of each square is protruding.

Because of Lemma 8 the total horizontal length of all nonprotruding parts of the squares Sij is at most

2s, consequently all points covered by S in OPT are covered by a set of squares Sij in SQUARE-GREEDY

whose total (horizontal) edge length ! j si j is at most 3s.

For powers " higher than 1 observe that ! j si j ! 3s and 0 ! si j ! s for all j implies that ! j si j
" ! 3s" .

To analyze the running time of the algorithm we need some more details about the data structures used:

Initially, sort the points by x-coordinate and separately by distance from the line L in time O(n logn) and

process the points in order of decreasing distance from L. As the point pi at distance di from L is processed,

we throw away points which are within horizontal distance di from pi. This takes time O(logn+ ki) time

where ki is the number of points within di from pi. Since we do this up to n times with k1 + ááá+ kl = n the

total running time is O(n logn). !

It is easy to modify the SQUARE-GREEDY algorithm to get an algorithm that is 2-approximation for

total edge length. We call the resultant algorithm SQUARE-GREEDY-WITH-GROWTH or SGG:

Algorithm (SGG): Process the points as in SQUARE-GREEDY however, if capturing a point pi by a

square Si would result in an overlap with already existing square Si" k then, rather than placing Si, grow Si" k
just enough to capture pi, keeping the vertical edge furthest from pi at the same point on L. If placing Si
would overlap two squares, Si" k and Si" k# say, grow the one of { Si" k,Si" k#} which requires the smallest edge

extension. Break ties arbitrarily.

Theorem 10 SGG gives in time O(n logn) a factor 2 approximation to OPT for cumulative edge lengths of
squares.

Proof. As we process points pi using SGG attribute to each point pi a line segment si along L as follows.

If processing pi resulted in the placement of a square Si centered at the projection of pi in L then attribute

to pi the projection on L of a horizontal edge of Si (Case 1). If, on the other hand, processing of pi resulted

in the growing of a prior square Si" j to just capture pi, attribute to pi the projection on L of the portion of

the horizontal edge of the expanded Si" j needed to capture pi (Case 2). (This amount is at most the distance

of pi to L since Si" j only grows to capture pi in the event there would otherwise have been overlap with

the square centered at pi.) We must show that the lengths of the segments is no more than twice the edge
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Finding the best horizontal line:
uncomputable exactly by radicals
3- and 2-approximations extend with extra O(n2)
O(n3log n) PTAS for linear cost
O(n4log n) PTAS for superlinear cost

Finding the best line (any orientation):
O(n3log n) 8√2-approximation for linear cost
O(n4log n) 4-approximation for linear cost
O(n5log n/ε2) PTAS for linear cost

Our results (cont.)



Our results (finally)

Min-cost covering tour (MCCT) problem:
consider only for linear cost
C = tour cost / covering cost
NP-Hard if ratio C is part of the input
min. enclosing circle if C≤4
PTAS for C>4



Uncomputability:
same ideas as Bajaj’s uncomputability of 
Fermat-Weber problems [B86]

PTAS:
Shifting techniques: for finding best 
(horizontal or arbitrary orientation) line, 
use exact algorithm for each shift, shift 
densely enough
Guillotine subdivision: combining tour with 
linear cost covering with disks.



Conclusion

Lots of variants left unexplored...

better constant approximations? e.g., discrete 
2D case (none known)?

MCCT: PTAS for superlinear costs?

NP-Hardness of MCCT, or discrete 2D with 
linear-cost problems?



Thank you!


