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Abstract

Many algorithmic problems are interesting to both theoreti-
cians and practitioners, but in a different manner. While
the theoreticians have traditionally focused on worst-case
scenarios which is often not very useful in practice, the prac-
titioners are sometimes stuck in the hacking culture and ar-
rive at solutions that only work well in a few specific cases.
An example of such an algorithmic problem is ray shooting.
Imposing some data structure to support ray-shooting
queries usually helps to improve the efficiency of the algo-
rithm. We focus on one such data structure—the octree.
It is flexible and adaptive and has many applications. How-
ever, its degree of adaptiveness usually depends on manually
selected parameters controlling its termination criteria. It is
difficult to fix a set of parameter values that is good for all
possible scenes. One approach to resolve this problem is to
construct a data structure which “tunes itself” to the input
without using arbitrary preset parameters, so that a single
algorithm is suitable for all situations. Surprisingly, only a
few investigations have focused on this approach compared
to the huge amount of research papers on ray shooting from
both the theoreticians and the practitioners. We take some
steps in this direction by evaluating several octree construc-
tion schemes for use in ray shooting, some widely used in the
computer graphics literature (such as bounding the number
of objects in a leaf and the maximum depth) and some de-
veloped in companion papers as part of this research (cost-
driven k-greedy termination criteria). Our experimental re-
sults show that the octrees constructed using our schemes
are better than those built with a priori fixed parameters.
Our octree construction algorithm is driven by a simple
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cost predictor and has been proven elsewhere to approxi-
mate the optimal tree to within a constant factor. We fine-
tune the predictor and observe the behavior of our algorithm
on octrees built to support a simple ray-tracing engine and
compare its performance with those of commonly used al-
ternatives. It appears to work well in practice.

Categories and Subject Descriptors

F.2.2 [Theory of Computation|: Nonnumerical Algorithms
and Problems—geometrical problems and computations; 1.3.7
[Computer graphics|: Three-Dimensional Graphics and
Realism—ray tracing

General Terms

Algorithms, experimentation

Keywords

Ray shooting, cost model, cost prediction, octree, space de-
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1. Introduction

The ray-shooting problem was introduced in computer
graphics as the most basic geometric primitive for comput-
ing global illumination [1]. Given a set S of n objects, we
would like to find the first object of S hit by a given ray.
This type of query is known as a ray-shooting query. The
heavy computational cost required to answer a large num-
ber of such queries has for a long time remained a bottleneck
for rendering and radio-propagation simulation applications.
How fast ray shooting queries can be answered is an impor-
tant algorithmic problem that has received a lot of attention
both in theory and in practice.

Unfortunately, solutions with provable guarantees are of-
ten not very efficient in practice due to large hidden con-
stants. In addition, they are mostly geared towards worst-
case scenarios. On the other hand, many heuristic methods
introduced by practitioners often work very well in many
cases. However rarely, nevertheless, worst-case scenarios do
happen, and cause heuristics to perform extremely poorly.
The problem with most heuristics is that there is no way
to know if poor performance results from the lack of the-
oretical guarantees (hence the hope remains that another
method might be faster) or from the intrinsic hardness of
the problem instance.



Our admittedly idealistic goal is to fill in the gap between
the theory and the practice to arrive at a solution that is
both backed up with a theoretical guarantee and behaves
well in practice. In [2], we took the first step in this di-
rection by introducing a very simple cost predictor in order
to estimate the performance of a specific ray-shooting data
structure on a given data set. The predictor is based on the
ray distribution induced by the rigid-motion invariant distri-
bution for lines. Our predictor has been proven to work on
bounded-degree decompositions in theory [2,3]. It is simple
and easy to compute. In [2], we experimentally confirm that
the predictor can accurately estimate the cost of a ray shot
in practice, without actually running the ray-tracing ren-
dering program. In this paper, we use the cost predictor to
drive the construction of a data structure with insignificant
time overhead.

Despite a huge amount of research on ray shooting in the
ray-tracing literature, only a few references try to model
the cost of ray shooting. We survey the existing work in
Section 2. In contrast to the usual lack of theoretical guar-
antees, our approach is driven by the presence of a provably
accurate estimate of the average cost of ray shooting: using
our cost predictor, we can show (in a companion paper [5])
that the following method will produce an octree whose cost
is always within a constant factor (reasonably small in the-
ory) of the cost of any octree. The criterion tries to analyze
the scene in a more global way, extending standard greedy
criteria by introducing a degree of lookahead: if subdivid-
ing a leaf up to a fixed additional depth k£ does not lead
to an improved cost, then we stop the subdivision at the
node. Otherwise, we subdivide the leaves of the best sub-
tree of depth at most k using the same criterion recursively.
Section 3.2 gives further details.

Our experiments in Section 4.2 confirm that the octree
constructed driven by the predictor is really better than oc-
trees constructed without the predictor in terms of the cost,
speed, and space. Moreover, we seem to observe experi-
mentally that the constant factor approximation of [5] is
actually very close to 1, but that the theoretically provable
method, although performing better, does not always per-
form best. Rather surprisingly, we find that the 1-greedy
criterion seems to always lead to very good (if not outright
to the best) octrees for practical instances, even though on
some fabricated scenes it can be arbitrarily far from optimal.

In addition to the k-greedy method, we may impose a re-
quirement that the cost be “substantially improved” (by a
minimum of ¢%) which prevents arbitrarily small cost im-
provements causing large tree expansion. Experiments de-
scribed in Section 4.3 show this further improves the effi-
ciency of the data structure. In Section 4.4, we try to fine-
tune the coefficients of the cost predictor. The coefficients
are not only machine-dependent but depend on the imple-
mentation of the program and on the termination criterion
chosen. Finally, conclusions are presented in Section 5.

2. Previous Work

In general, the cost for shooting a ray can be represented
as

Ctotal = Cstruct + Cintcrs (1)

where Ciotal is the total ray-shooting cost, Cstruct is the cost
for traversing the data structure, and Cinters is the cost for
ray-object intersection tests. A naive ray tracer does not use

any data structure—all of the time is spent on ray-object
intersection tests, i.e., Ciotal = Cinters- A simple data struc-
ture, such as a bounding volume for each object constructed
by Whitted et al. [22,31], can reduce the time for ray-object
intersection tests by lowering the number of the tests, at the
expense of raising the number of ray—bounding-volume inter-
section tests which are usually simpler and faster than test-
ing the primitive objects. Still, Cinters can take up to 95%
of the ray-shooting time for complex scenes [22,31]. As the
data structures become more complicated, the cost in equa-
tion (1) shifts from Cinters towards Cseruct. Kilmaszewski et
al. [15] point out that up to 60% of the rendering time can
be spent on traversing modern data structures. The time
for ray-object intersection tests is reduced to 20% or even
10% of the total rendering time [32]. As the time spent on
traversing the data structure becomes significant, optimiz-
ing the structure cost becomes important. Once a choice
of the data structure is made, the total ray-traversal time
varies depending on the parameters used for constructing
it. For a hierarchical data structure, the parameters include
the number of primitive objects in the scene, the number of
nodes in a hierarchy, the distribution of objects, the distribu-
tion of rays, the depth of the hierarchy, etc. The prevalent
method is to set these parameters manually and actually
run the ray tracer to see which settings result in the best
performance among all of the tests. Havran [13] makes an
extensive experimental study and concludes that no single
data structure is uniformly better than others. Two sur-
veys of data structures used for ray-tracing in practice were
presented in [8] and [13].

Some relevant parameters can be extracted directly from
the scene data. The most obvious such parameter is the
number of objects in the scene. This measure is used widely
in traditional theoretical analysis. The size of objects also
receives attention in ray-tracing literature in terms of cost
estimation. Research shows that the size of objects has more
impact on ray-tracing time than the object count [9,21,24].
The “size” of an object can be evaluated by either its volume
or its surface area.

Notice that the general cost function (1) does not directly
depend on the number of objects in the scene. Instead, the
number of objects being tested against is the main factor.
Goldsmith and Salmon [11] define Ciruct to be the average
number of nodes visited by a ray until it hits an object in a
hierarchical data structure, as follows:

Cstruct = 1 + Z:Ci - Pr(i|root) =1+ Z:Ci . % (2)
where Pr(i|root) is the conditional probability of the ray
hitting node i given that it hits the root node, A(7) is the
surface area of internal node i, A(root) is the surface area
of root node, and ¢; is the number of children of node 1.
Naylor [20] employs a similar idea to estimate the cost of a
BSP-tree, but uses volume to calculate the conditional prob-
abilities. Another alternative is introduced by Cleary and
Wyvill [9] who use augmented volume to estimate the cost
of ray shooting in a uniform grid. The augmented volume
of an object is the sum of the volumes of grid cells where
the object resides.

As mentioned above, the statistics of object distribution
reveals certain properties of a scene that can help estimate
the cost of ray shooting. Scherson and Caspary [24] discuss
several properties of the object distribution and use those



properties to analyze ray-shooting cost. Cazals and Sbert [7]
enumerate several integral geometry tools useful for analysis
of global statistical properties of the scene. The idea is to
shoot a set of random rays. The rays probe the scene and
reveal the object distribution in several ways. For example,
the average number of intersection points for a transver-
sal line can convey information about the sparseness of the
scene or the percentage of screen coverage [24]. The length
of the rays in free space tells us where the objects are or
where most of the objects are located. It is the same as the
depth complezity defined by Sutherland et al. [27].

Constructing a hierarchical search structure for ray trac-
ing can usually improve the overall performance. However,
if the hierarchical structure is too deep, one may spend a
lot of time moving from one level to another. To prevent
Cstruct in equation (1) from overwhelming the total cost, we
can manually set a limit to the height of a search struc-
ture. However, this may increase Cinters.- How to control
the depth of a hierarchy to automatically attain the best
efficiency becomes an interesting issue.

Weghorst et al. [29] investigate the trade-offs in (1) be-
tween the competing factors between the cost of traversing
a hierarchy (“tree cost”) and the cost of ray-object intersec-
tion tests (“object cost”). The trade-off is further discussed
by Arvo and Kirk [4]. Additional improvements were pre-
sented by Goldsmith and Salmon [11] and by Subramanian
and Fussell [26].

Subramanian and Fussell [25] propose to compute Cstruct
as follows: Ostruct = Nregion * Cper,regiony where Cper,region is
the average cost of traversing the ray from current region
to the next. They argue that for a hierarchical structure,
Cper_region should be approximated by weighted average tree
depth because we may have to traverse the hierarchy from
the root to the leaf to find the next region hit by the ray.
Reinhard et al. [21] use the surface area of octree cells to
compute the weighted average tree depth D. Cper_region 18
then roughly estimated by D when moving to the next cell
involves descending the tree from the root.

Subramanian and Fussell [26] compute Cstruct and Cingers
during the construction of a hierarchy. To estimate the cost
more accurately, Reinhard et al. [21] propose an alternative
approach, which runs a low resolution ray-tracing phase be-
fore the full functional ray tracing starts. The cost function
is used to monitor the low resolution ray-tracing phase. The
scene is further divided if the cost keeps decreasing.

MacDonald and Booth [16] use two heuristic functions to
estimate the traversal cost of a hierarchy. The first is the
surface area heuristic. The idea is similar to regional prob-
ability. First, Cstruct is divided into internal cost Cint and
external cost Cext, which are the average cost of travers-
ing a non-leaf and a leaf node, respectively. Based on these
definitions, (2) can be rewritten as

Ning A(i) & A(F)
Cstruct = Cing - ZZZI A(TOOt) + Cloxt - ng A(TOOt) (3)

where niny and next are the numbers of internal nodes and
external nodes, respectively. Secondly, to calculate Cinters,
the surface area of an object is approximated by consider-
ing the union of leaf nodes where the objects resides. Gold-
smith and Salmon [11] use bounding volume to calculate the
surface area, and Reinhard et al. [21] use the axis-aligned
bounding box of an object to approximate its surface area.

The second heuristic function of [16] is based on the ob-
servation that the optimal splitting plane lies between the
space median and the object median of a node in a “bintree,”
which is essentially a three-level octree similar to Kaplan’s
BSP-tree [14]. MacDonald and Booth [16] and Whang et
al. [30] estimate the cost of splitting the node at a particu-
lar position by the surface area heuristic and pick the “op-
timal” by sampling ten positions between the spatial and
object medians of the node; the quality of the split depends
on the number of objects meeting the portion of the node
on either side of the split and the surface area of the two
portions.

In all of the hierarchical schemes, the partitioning process
stops when certain termination criteria are met. For ex-
ample, the octree of [30] stops when the number of objects
within a node is less than a threshold value. The bintree
of [16] stops when equation (3) reaches the minimum.

Other approaches to optimizing the ray-shooting data struc-
ture, e.g., using evolutionary methods, have been explored
as well [6,17]; a common problem with such approach is its
(lack of) speed.

3. Octree construction schemes

In this section we recapitulate the cost measure that we
developed in [2] for predicting the runtime behavior of ray
shooting that uses any bounded-degree space decomposi-
tion. We then recall several octree construction schemes, as
well as some new ones based on the cost function.

3.1 Cost measure

Consider a bounded-degree decomposition of a bounding
box of the scene into simple convex cells. A space decompo-
sition is bounded-degree if each cell has a bounded number
of neighbors, i.e., cells sharing (a portion of) a face with it.
Each cell is simple and convez if it is a convex polyhedron
bounded by a small number of planes (the bounded-degree
requirement in fact implies “simplicity” if we insist that cells
be convex). The cost measure introduced in [2] reflects the
expected cost of traversing the decomposition for an average
ray, with rays drawn from the distribution induced by the
rigid-motion invariant distribution p, on lines. Let B be the
bounding box of the scene, let A(-) denote surface area, and
let B; range over the cells of the subdivision (in our case,
induced by the leaves of the octree). The cost measure is
then defined as the ratio of W(7) = 35 (1 + [Si|)A(B;),
which measures the average work performed during a line
traversal (traversing through both cells and objects), to the
“useful” portion of the work, A(B)+>_, s A(s), which mea-
sures the number of line-object intersections reported for an
average line. So far we have assumed that testing a ray for
intersection with a scene object is equally costly to testing it
for intersection with an octree box; both have been treated
as unit-cost operations. If we refine the analysis further by
introducing the cost a of a ray-box intersection, and the
cost g for a ray-triangle intersection, we can express the nu-
merator as Wa,s(7) = 35 (+B|Si|)A(B;), where the sum
again ranges over all the cells B; of the subdivision. Thus
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measures the expected amount of work required, per inter-
section, for reporting all the line-object intersections with
an average line in fig.




In [2], we argue that E. g(7) as given in (4) also ac-
curately predicts the average amount of work required for
reporting the first intersection of an average ray with the
scene. This assertion has been substantiated by experiments
where we somewhat arbitrarily chose a« = g = 1.

In theory, changing « and (8 only changes the cost by a
constant factor and thus all the theory remains valid within
O(1) factors. In practice, in order to obtain accurate costs,
accurate values of « and (3 need to be used. It turns out
that « is reasonably stable, but that § actually varies quite
a lot depending on the the ray-object configuration. Indeed,
the time it takes to compute a ray-box or a ray-object in-
tersection is not a constant, due to short-circuit evaluation
of boolean operators: geometric filters may cause an early
exit, skipping remaining computation. For instance, if the
ray points away from the plane of the triangle, no ray-plane
intersection need be computed at all (and thus we avoid hav-
ing to locate the intersection inside or outside the triangle,
which is a costly operation). Further reasons are discussed
in Section 4.4. It is therefore difficult to evaluate 3, even
for a given platform. Experimentally, we find that the ratio
of o to (B is roughly between two and ten to one. Further
details and measurements are given in Section 4.4.

3.2 Octree construction schemes

The above framework can be applied to any well-behaved
decomposition of the scene. In this paper we confine our
attention to decompositions that are induced by the leaves
of octrees, for various termination criteria.

An octree is a hierarchical spatial subdivision that begins
with an axis-parallel bounding box of the scene—the root
of the tree—and proceeds to construct a tree. A node (box)
that does not meet the termination criteria is subdivided
into eight congruent child sub-boxes by planes parallel to the
axis planes and passing through the box center. The scene
surface is modeled as a collection of triangles (polygons are
triangulated).

Our octree construction implementation is based on the
scheme described in [2], with the flexibility of producing dif-
ferent variants of octrees by adjusting its construction crite-
ria. As in [3], the octree may be constructed starting with a
cube as the root (as opposed to, say, a minimal axis-parallel
bounding box). Then the nodes are recursively subdivided
according to a subdivision termination condition evaluated
at each leaf. The tree may further be refined to ensure bal-
ance [19], i.e., so that no two adjacent leaf boxes are at
leaves whose tree depths differ by more than 1, where two
tree-node boxes are adjacent to or neighboring each other if
two of their faces overlap.

The termination criteria include: a choice of a balanced
or unbalanced! octree and a choice of subdivision termina-
tion conditions. For subdivision termination conditions, we
consider two classes: the separation termination conditions
(maximum number of objects that are permitted to meet
any leaf node, and maximum octree depth allowed) as stud-
ied in [2], and a new class, namely the cost-driven greedy
criteria (with or without lookahead).

For the separation termination conditions, we require that
the number of objects stored in a leaf is below a certain

threshold, unless maximum permitted depth has been reached.

We annotate such an octree with the letter ‘j” followed by

1We call an octree unbalanced if we do not perform an additional
step to balance it, but it may happen to be already balanced.

the object number threshold. We will consider j2, j10, j20
and j30, and even j50 and j100 for larger scenes. Octrees
with larger threshold values sometimes exhibit similar be-
havior, so it is convenient to refer to them collectively, for
example, as j10+4, j20+, etc.

The greedy termination conditions are evaluated as rec-
ommended in [5]: the greedy without lookahead (also known
as 1-greedy) simply recommends to subdivide if the cost
measure (as given in (4)) is reduced when a node is sub-
divided into eight subnodes. With a lookahead (what we
call k-greedy, for k > 1), the criterion evaluates the smallest
cost of a subtree of depth at most k rooted at a given node,
using bottom-up dynamic programming. If the cost of that
subtree is smaller than the cost of keeping that node as a
leaf, then the node is subdivided.

One variant of the greedy criterion (with or without looka-
head) is the substantial-improvement greedy, which only rec-
ommends to subdivide if the cost measure locally improves
by a factor of at least t% for some fixed parameter t. We re-
fer to these variants as the substantial greedy criteria. Even
more involved would be to vary the percentage improvement
as a function of the depth, or as a function of the ratio of the
cost of the node to the overall cost of the octree at the time
the criterion is evaluated. The intent is of course to avoid
subdividing (consuming space) when the improvement in
cost does not warrant it.

Finally, ray traversal is performed in both balanced and
unbalanced octrees in a uniform way, as is done in [2]: to
trace a ray, one descends the tree from the root to locate
the ray origin among the leaves and then steps from leaf
to leaf, checking all objects stored in the current leaf and
proceeding to the next leaf based on Samet’s table look-
up for neighbor links [23, pp. 57-110], but using only six
neighbor links instead of Samet’s 26.

4. Experimental Evaluation

For the preprocessing phase, we implemented an octree-
construction algorithm based on the one described in Sec-
tion 3.2. Our implementation allows us to build variations
of the octree by incorporating various construction schemes.
Once an octree is built, we can estimate the ray-shooting
cost per ray associated with that octree by computing our
predictor (for the trees built by greedy criteria, this compu-
tation is already part of the tree construction process). We
call that the estimated cost. We also compute the sum of
the total number of nodes (both internal and external)? and
the total size of the object lists 5 |Si| over the leaves. We
call this the octree size.

For the run-time phase, we perform ray-shooting queries
in the ray-tracing process, gathering the statistics such as
the numbers of ray-box and ray-triangle intersection tests
performed, as well as the CPU time spent on those. Using
the numbers of ray-box and ray-triangle intersection tests,
we obtain the actual cost measure, defined as the total num-
ber of these operations performed divided by the total num-
ber of ray-shooting queries, as is done in [2]; using the CPU
time, we obtain the runtime cost. Note that the actual cost
only involves the number of operations performed, rather
than runtime.

The questions to which we seek answers can be posed as:
(1) Is the estimated cost correlated to the actual cost? This

2Since an octree is an 8-regular arborescence, the number of leaves
ny is always Tn; + 1, where n; is the number of internal nodes.



is the main question addressed in [2], and we should verify
that it still holds for the additional types of octrees we con-
sider here.

(2) Are the estimated and/or actual costs correlated to the
runtime?

(3) Comparing the various octree schemes with respect to
size, estimated and actual costs, and runtime, is a cost-
aware criterion such as greedy an improvement over a cost-
oblivious criterion such as j27

(4) Is substantial greedy an improvement over greedy?

(5) What amount of lookahead is useful in practice?

(6) How should we choose a and  to tighten the correlation
between estimated, actual, and runtime costs?

4.1 Test datasets

We evaluate our cost-driven octrees using scenes drawn
from the Standard Procedural Databases (SPD) [12], as
well as a sphere model, and two scenes used in computer
graphics (happy buddha and dragon from Stanford Com-
puter Graphics Laboratory [28]). In addition to these scenes,
we have used five data sets of an architectural nature com-
municated to us by Steven Fortune. All of the architec-
tural models have modest size (fewer than 10,000 polygons)
to keep computational costs reasonable. The scenes, their
characteristics and the reasons we picked them are described
in [2].

4.2 Evaluation of octree construction
schemes

We ran our experiments on the test datasets described
in Section 4.1, with number of triangles ranging from 4 to
1,087,716, on various Sun Blade 1000 workstations with
750MHz UltraSPARC III CPU and up to 4GB of main mem-
ory. For each dataset, we built an octree for every possible
combination of the following options: (a) maximum number
of objects allowed to reside in a leaf node being 2, 10, 20,
30, and sometimes 50, 100 for large scenes, (b) the amount
of lookahead, (c) the root box of the octree being a cube vs.
not being a cube, (d) several settings of the percentage of
substantial improvement, and (e) several values of the ratio
v of @ and 3 in Equation (4). We have performed over 1, 600
test runs in our experiments, of which 738 contributed to the
figures. We remark that, in addition, in all the experiments,
we used the termination condition of maximum cut-off tree
depth, set at the binary logarithm of the number of objects
in the scene. Also, our previous study [2] indicates that
balancing an octree only increases the data structure size
without improving the cost performance in practice. There
is no reason to think that this would be any different for
the trees produced with greedy criteria, especially since our
previous study included a variety of octree types, even ran-
dom ones. Thus here we ran all our experiments on octrees
without performing the balancing step.

For each of the dataset-octree combinations, we computed
as in our previous paper the ratio of actual to estimated costs
(actual being computed using the actual numbers of ray-
box and ray-triangle intersections in a ray-tracing process).
Again, we observe that the ratio is close to one for all the
scenes and all the octrees encountered—the ones not tested
in [2] are trees generated by the k-greedy algorithm and they
also confirm our predictions. This justifies using the word
“cost” without explicit reference to actual or estimated.

We include a profile of our experiments for the teapot
family in Figure 1 as a representative one; other dataset
families we tested, such as tetra, exhibit similar trends. In
(a), we plot the ratio of the actual to the estimated cost
as a function of the scene size. We indeed observe that,
as in [2], this ratio remains close to one for any dataset-
octree combination. In passing, also observe that trees built
using j2 and the k-greedy criteria have a much more consis-
tent correlation (a factor of 1.3) between estimated and ac-
tual costs, while j10+ produce much more jagged, random-
looking curves, in the interval [1,1.3].

In (b), we can see the effect of greedy criteria on the ac-
tual cost: jl04 are inferior with respect to the cost func-
tion, whereas j2 (completely cost-oblivious) and the 1- and
3-greedy criteria appear to find octrees with similar costs.

In (c), we plot the total number of nodes and objects
(“octree size”), which should reflect the memory usage of
the octree. We observe that, while the costs of j2 and the
greedy criteria are similar, the size of the octrees generated
by 3-greedy is about 25 to 30% less than j2, and 1-greedy
leads to dramatically smaller trees, by as much as 70%; the
figure is in logarithmic scale.

In (d) and (e), we plot the actual time taken to build the
octree, and the time taken to traverse the data structure for
all the rays in a ray-tracing process. We can see an almost
linear dependency of the construction time on the size of the
scene, and a logarithmic dependency for the traversal time,
as expected.

More puzzling is the relation between the time taken to
traverse the octree in a ray-tracing process, as a function of
the actual cost: if our theory is correct, we should observe
that all octrees lead to the same dependency, which should
be linear. Indeed, this is the case for j2 and the greedy
criteria; but it is clearly not so for j10+, which not only
exhibit lower running times than they should (according to
the costs) but also do not correlate linearly with the costs
at alll At this point, our best understanding is that the dis-
crepancy between running times and costs is due to memory
cache performance: these trees being smaller, and having a
larger contiguous block of triangles at every leaf, the ray-
triangle intersection algorithm better utilizes the memory
hierarchy. This would explain the consistent 20% improve-
ment in running time for the large threshold separation cri-
teria. Note that those improvements must have been offset
by the algorithmic inefficacy of those octrees: the cost is
higher, and so the traversal must have been longer, yet the
memory access pattern is better enough so that overall we
still notice an improvement in performance. We could try
changing the memory allocator and tuning the memory lay-
out, as was done for kd-trees in [13], but it seems that a lot
more would be involved to derive cache-efficient versions of
our octrees.

Moreover, memory cache effects cannot explain the jumps
and apparent irregularity of the costs and the runtimes,
nor their apparent lack of correlation. Since taking larger
threshold introduces rougher granularity in the cost mea-
sure, it is possible that those irregularities come from our
computation of costs. Taking different values for a and
might actually restore some consistency for those. In Sec-
tion 4.4, we revisit those experiments while setting the ratio
of a to B to a value different from one.
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Figure 1: A comprehensive analysis of the teapot family, as a representative dataset family. The number of triangles ranges
from 58 to 105,280. For each plot, we display a curve for each termination criterion (j2, j10, j20, j30, 1-greedy, 3-greedy).
(a) Ratio of actual to estimated cost, as a function of the scene size (should be close to 1). (b) The effect of the choice of
termination criterion on the actual cost. (c¢) The total number of nodes and objects plus the total size of all object lists (“tree
size”). (d) Time taken to build the octree. (e) Time taken to traverse the octree data structure for all rays in a ray-tracing
process. (f) Time taken to traverse the octree in a ray-tracing process, as a function of the actual cost (should be a common
linear relationship).
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Figure 2: A comparison of the t%-improvement variants versus original greedy criteria for the teapot family, with ¢ being
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Figure 3: A comparison of performance of two 5%-improvement greedy criteria with cost-oblivious ones on several scenes,

in both (a) cost and (b) size.

4.3 Substantial-improvement greedy

In order to see whether anything could be gained by de-
manding that the cost be substantially improved for subdi-
viding, we test the t%-substantial improvement greedy cri-
teria, for ¢ being 5, 10, 20, and 50, for both 1-greedy and
3-greedy termination criterion. In Figure 2(a), we plot the
ratio of the cost of the t%-improvement greedy to the cost of
the 0%-improvement greedy (i.e., the original greedy), as a
function of the number of triangles in the scene. The closer
the ratio is to 1, the better. We can see that the cost of 50%-
improvement greedy for 1-greedy is much higher, while all
others are very close to one. This lends support to our intu-
ition that higher values of ¢ corresponds to a cruder heuristic
and thus increase the cost, while the data structure size is
smaller because it recommends subdivision less often. The
latter is confirmed by Figure 2(b), in which we look at the
ratio between data structure sizes. The fact that the cost
of 50%-improvement greedy for 1-greedy is so much worse
than the others is not too surprising, because it is the crud-

est heuristic and produces the smallest data structure size,
showing a trade-off between performance and space.

It is important to observe that using 5%-improvement
greedy for both 1- and 3-greedy, we obtain size gains up
to 10% while the cost is essentially unchanged. (See Fig-
ures 2(a) and (b).) Therefore, we use 5%-improvement greedy
for all the remaining greedy criteria. (It appears that going
up to as high as 20%-improvement greedy would still allow
us to keep nearly the same costs while gaining even higher
space savings.)

We compare the various greedy criteria (as mentioned,
with the 5%-improvement greedy) to the j2+ criteria, for
a variety of scenes. (See Figure 3.) We observe the same
trends as with the teapot scenes, uniformly across the board.
In particular, the greedy criteria lead to substantially smaller
octrees, sometimes by a factor of ten (note that the y-scale
is logarithmic), with no observable loss in the cost.



9000000 7

8000000 -

7000000

6000000

=10
— 50

5000000 - —=j100

Structure size

4000000 4

—— 1-greedy
—*—3-greedy

3000000

2000000 1 =100

y=100

1000000

Ray tracing time (sec)

(a)

Structure size

-
11000000
9000000
—=-jl0
7000000 —* 50
- 100
—+— 1-greedy
5000000 - —*— 3-greedy
3000000
1000000

Ray tracing time (sec)

(b)

Figure 4: A comparison of the relative cost of construction and tracing time for different families of trees. Different curves
correspond to different termination criteria, while points on the same curve correspond to different choices of the ratio v = «/3
on the (a) dragon and (b) happy buddha scenes, with the 5%-improvement variant of the greedy criteria.

4.4 Fine-tuning the cost functions

As mentioned above, in the cost measure we have so far
considered o = (3, thereby postulating equal cost for ray-
box intersection and ray-triangle intersection detection. For
a more accurate cost estimation, and for smoothing irreg-
ularities such as those encountered with the j10+ criteria
(see Section 4.2), estimates of o and 3 for a given platform
need to be actually computed and used in the cost function.
There are two natural ways to compute these estimates: an-
alytically and experimentally.

Analytically, we observe that ray-box intersection, as im-
plemented in our program, involves approximately 32 floating-
point comparisons, 12 additions, 6 multiplications, and 3
divisions, plus a host of assignment operations. (It could
be fewer because of short-circuit boolean evaluation, but we
observe a to be rather stable in practice.) Ray-object inter-
sections are much more complicated, and use the algorithm
of Moller and Trumbore [18]. At this point, it turns out that
while « is reasonably stable, 3 actually varies quite a lot de-
pending on the ray-object configuration. For instance, the
conditional probability that a ray intersects a triangle, given
that it intersects the octree cell, is twice the ratio of the area
of the intersection of the triangle with the cell to the bound-
ary area of the cell; the smaller the triangle relative to a cell
of the decomposition, the smaller that conditional probabil-
ity. We could try and compute this conditional probability
as in [10], but then we would only be left with computing the
expectation of the area ratio at the leaves, which depends
both on the scene configuration and on the octree; such a
cost estimate does not satisfy our simplicity requirement.
It thus appears infeasible to carry the analytical approach
further.

Experimentally, we have already observed that j10+ lead
to smaller trees than both j2 and the greedy criteria, but
that the costs substantially increase. We can achieve similar
effect for the greedy criteria by increasing v = «/(3: indeed,
this means that for larger v, we downplay the ray-object
intersection cost in the predictor (see Equation (4)), to allow
more objects in a box, and hence prefer earlier stopping of

subdivision and a smaller tree size. What is interesting here
is that while the tree size decreases, we observe that the
cost remains approximately the same. The question now
becomes: how large should we take v to have the smallest
tree possible while preserving the near-optimal cost?

Taking the dragon and the happy buddha scenes, we plot
the total size of the octree versus the ray-tracing time, for
various values of v in Figure 4. First, we observe that among
j10, j50 and j100, as j increases, the tree size reduces while
the ray-tracing running time increases, with j10 having a
substantially larger tree size than others. Moreover, we see
that 1- and 3-greedy all exhibit the advantage of having
much smaller trees than j10, with ray-tracing running times
about the same as j10 for v between 5 and 20.

To further confirm this surprising result, we take the teapot
scenes again, revisit Section 4.2, and proceed to set the ra-
tio v = /B to different values (5, 10, 15, 20) and compute
the octrees either using the j criterion alone or with 1- or
3-greedy (with the 5%-improvement greedy); the plots are
labeled ‘_py’. We plot the total tree size and the traversal
time (the construction time is similar to the size with minor
variations) in Figure 5. Again, the traversal times are es-
sentially unchanged for these different + values, and yet the
size decreases uniformly for increasing . Note that j2 has
much larger sizes and thus much worse traversal times due
to a poor memory cache performance.

There is some reason to believe that there is an ‘optimal’
value of v which is independent from the scene. In Fig-
ures 4(a) and (b), the leftmost lower-left dominating data
point, which corresponds to the best running time with rea-
sonably good tree size, is always 1-greedy with v = 10, even
though the two plots are for different scenes (dragon and
happy buddha). We also tried the following fitting method
to decide the best y. We took different runs of ray tracing
on various sizes of the teapot and the tetra families. For
each run, we recorded the total number z of the ray-box
intersection tests, the total number y of the ray-triangle in-
tersection tests, and the total runtime z of the ray-tracing
process. Now each run is represented as a data point (, y, z)
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in 3D; we fit the best plane of the form z = az 4+ Sy to the
data points. With a total of 328 data points (runs), 238 from
teapot and 90 from tetra, each point weighted equally, we
got the best fitting o and @ values whose ratio v = «/f
is about 10. Observe that this value of 10 came from the
teapot and tetra scenes, and yet the value is consistent
with the ~ value of the left-most lower-left dominating points
in Figures 4(a) and (b) mentioned above.

To summarize, with our combination of v and greedy cri-
terion, when we pick a value of + larger than 1, the tree
size is dramatically reduced (and there is no need for the j
criterion—we can just set j to 0). So it appears that the 7
value controls the tree size more effectively than the j value.
Also, since greedy criterion performs some optimization ac-
cording to the adjusted cost function (i.e., the new ~ value
has been incorporated into the cost function), the runtime
is much less sensitive to the v value change. Moreover, per-
haps because the performance is insensitive, the ‘optimal’
value (for the best runtime and good tree size) is more or
less independent of the scenes, unlike jJ—another advantage
of the 7-plus-greedy combination. Of course, the ratio ~y
also reflects the speed ratio of the two different operations
on a given machine, so we cannot choose it to be too far
away from the ‘fact.” (This is where we found the fitting
method quite useful.) But again, as long as « is chosen to
be in a reasonable range, the actual runtime does not seem
to change much with respect to the « value change.

5. Conclusion

Although most of the graphs we have analyzed here are
for the teapot, dragon and happy buddha family of scenes
(intended to model the effect of a single subdivided man-
ifold), we have carried out analogous experiments for the
other scenes and observed similar behavior. Although the
scenes we consider are rather small by computer graphics
standards due to the limitations of our implementation, our
experiments seem to scale with size without changing in con-
clusions.

One purpose of our experiments was to determine whether
the subdivision criterion sometimes used in computer graph-
ics (at most 2 objects per leaf, with a cut-off depth), called

j2 in this paper, was indeed the best possible, with regards
to cost and running time of the traversal, and size of the
data structure. A second purpose was to evaluate the im-
pact of the amount of lookahead on the cost-driven greedy
strategy.

All reasonable criteria seem to reach optimal costs, or at
least similar costs. This seems to imply that the approxi-
mation ratio of 3-greedy, which is O(1) in theory [5], is close
to one in practice. (Of course, it could be that all these
methods approximate the best octree with a common factor
greater than one but we find it difficult to believe.) In any
case, the real benefit of our methods lies in obtaining much
more compact data structures for the minimal cost.

It is not clear that 3-greedy is an improvement on 1-
greedy; in fact, in practice the latter is just as good on the
scenes we tried. This is to be contrasted with the theory
which asserts that 1-greedy strategy does not have constant
approximation ratio whereas 3-greedy does [5].

What surprised us most is that 1-greedy with a large value
of v is the best criterion in practice, and, while its cost is
comparable to j2, the trees produced are much smaller (by a
factor of four or five). Thus substantial-improvement greedy
without lookahead is a practical approach to construct an
efficient octree, either using the 1-greedy method by itself
or combined with other termination criteria. In the worst
case, the cost won’t increase, but the total size of the tree
can be reduced. Moreover the gains in tree size (without
losing on the cost either) can be greatly amplified by taking
a larger value of v = a/8. In turn, this leads to being able
to process larger scenes, and to better locality of reference.

Thus, it appears that the best criterion is uniformly (for
all scenes) 1-greedy strategy with substantial improvement
and large a/ ratio, and that it performs at least compa-
rably to its competition and sometimes substantially better
in all of: octree total size (number of nodes and total size
of object lists at leaves), construction time, and ray-tracing
time.

We conclude by mentioning a few directions for further
research. One main open question is to further understand
the nature of the correlation between the actual cost and the
actual runtime. The discrepancies seem to arise from inter-



action with the memory hierarchy. A cost measure that can
cope with external-memory and eventually cache-oblivious
models of computation would be a longer term goal.

Secondly, despite our best effort, the “self-tuning octree”
we have sought is not entirely free of somewhat arbitrarily
fixed parameters. Doing away with them altogether would
be an interesting challenge.
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